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Abstract

The internal rotation profile of the Sun exhibits a sharp radial gradient in the upper 35 Mm of the
convection zone (CZ). This near-surface shear layer (NSSL) has been explained in terms of a transition
from rotationally constrained giant cell motions in the deep CZ to angular momentum conserving gran-
ulation and supergranulation at higher radii. Hydrodynamic simulations of the NSSL appear to support
this picture. However, the helioseismically determined rotation profile is inconsistent with angular mo-
mentum conservation — the data show a shear layer which transports significant angular momentum
outward, despite the high Rossby number. We have run a series of 3-D simulations in curved geometry to
better understand the effects of magnetism on convection in the NSSL. We find that the magnetic con-
vection establishes a shear layer with d ln Ω

d ln r
= −0.57, much shallower than d ln Ω

d ln r
= −2 for hydrodynamic

cases. We attribute the redistribution of angular momentum at least partially to the magnetorotational
instability, which imparts a spectral signature to the magnetic convection and gives rise to correlations
in the fluctuating variables which contribute to Maxwell and Reynolds stresses.

1 Introduction

The Sun’s convection zone (CZ) is at the heart of several unsolved problems in solar physics. Differential
rotation, dynamo action and, consequently, solar activity are all believed to take origin in this turbulent,
rotating shell which transports the solar luminosity by means of highly efficient convection. The dynamics
of the CZ are influenced by nonlinear effects operating over an intimidating range of spatial and temporal
scales — the Reynolds number is of the order 1012. Despite this complex interplay of nonlinear physics,
the Sun exhibits some remarkably well-ordered phenomena, from large-scale mean flows to regular solar
cycles and magnetic self-organization. For over a century, these coherent effects have been the primary
focus of our evolving understanding of the convection zone.

The best-observed of these coherent effects is the differential rotation profile, Ω(r, θ). Recent helio-
seismic inversions of global acoustic oscillations have measured Ω(r, θ) throughout the solar interior with
remarkable precision (see Figure 1 ). Throughout the bulk of the CZ, the angular velocity decreases mono-
tonically with increasing latitude, dropping to about 75% of its equatorial value at ±75◦. The isocontours
of Ω are conical, tilted about 25◦ from the rotation axis at mid-latitudes. This initially came as a surprise
to solar physicists who had long supposed that the internal rotation was cylindrically aligned, on account
of the Taylor-Proudman theorem. Since its discovery, the conically aligned internal rotation has come to
be understood in terms of thermal wind balance [18].

In addition to the latitudinal shear in the bulk of the CZ, helioseismology has revealed two layers of
prominent radial shear ∂Ω

∂r . One sits beneath the CZ at its boundary with the uniformly rotating radiative
zone below. This is known as the tachocline, and it is believed to play a key role in the solar dynamo.
The tachocline, as can be seen in Figure 1, transitions from ∂Ω

∂r > 0 at low latitudes, to ∂Ω
∂r < 0 at high

latitudes, crossing zero at a latitude of about 35◦. What prevents the tachocline from dissipating into the
radiative interior is a topic of ongoing research. Some popularly suggested mechanisms include turbulent
transport [20], fossil magnetic fields [12], and gravity waves [21].

The other radial shear layer occurs in the upper 5% (about 35 Mm), of the CZ. Know as the near-

surface shear layer (NSSL), this region has ∂Ω
∂r < 0 at all reliably-measured latitudes (up to about ±75◦).

The NSSL is interesting for a number of reasons. It was first thought to exist from early observations of
surface features rotating more quickly than the photospheric plasma [13]. The given explanation was that
surface features, such as sunspots, are anchored below the surface and are thus dragged prograde by the
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Figure 1: Helioseismic results from the GONG project: contours of constant rotation (left), and radial cuts
at several latitudes (right) [14].

faster flow below [9]. A surface layer of negative radial shear was believed to arise from convective motions
conserving angular momentum at the granular and supergranular scales [10], and this was corroborated by
hydrodynamic Boussinesq simulations of convective spherical shells [11].

More recently, global and local helioseismology has meausured the rotation in the NSSL to much
higher precision (see Figure 2). The data reveal a rotation profile which is shallower than expected:
(2π)−1 ∂Ω

∂r = −400 nHz/R⊙, equivalent to Ω ∼ 1/r, not Ω ∼ 1/r2 as predicted from angular momentum
conservation [8]. This implies a mechanism for the outward transport of angular momentum that is not
based on rotationally induced Reynolds stresses, since the Rossby number is high here — Ro is about 3000
for granulation, 100 for mesogranulation, and 30 for supergranulation [1].

Figure 2: Rotation rate in the NSSL (tracking rate subtracted) as a function of radius, at four different
latitudes: 0◦ (a), 15◦ (b), 30◦ (c), 45◦ (d). Global inversions are shown in blue, with north-south averaged
local inversions from MDI (green) and GONG (red) [15].
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These measurements have provided new constraints that recent models of the NSSL have struggled to
reproduce, despite significant advances in both the sophistication of numerical models, and the availabil-
ity of computational power. One recent study using a compressible, spherical hydrodynamics code has
attempted to model the NSSL by allowing for the thermal driving of granulation and supergranulation
through an open upper boundary (see Figure 3). Despite being informed from above by a stochastic gran-
ulation model, such simulations tend to conserve angular momentum and over-predict the radial shear [1].

Figure 3: CSS simulation with open upper boundaries and an “entropy rain” model for supergranular
driving. Horizontal slices of radial velocity vφ (a) just below the upper boundary (b) mid-radius (c)
just above the bottom boundary. (d) Angular velocity profile, compared with the profile predicted by
conservation of angular momentum, and the helioseismically measured profile of the Sun [1].

Magnetohydrodynamic (MHD) simulations of the NSSL remain largely unexplored. However, mag-
netism is known to have profound effects on both laminar and turbulent flows in astrophysics [7]. Specif-
ically, the NSSL should be subject to the magnetorotational instability (MRI), which has been vastly
successful in explaining turbulence and angular momentum transport in accretion disks [6]. Could the
MRI account for the missing angular momentum transport in hydrodynamic simulations of the NSSL, as
it does in accretion disk simulations? In spite of the similarity of these problems, literature pertaining to
the MRI in the NSSL remains woefully sparse. Balbus & Hawley [5] studied the effects of the instability in
spherical shells, but the focus was on the Sun’s radiative interior. Masada [17] applied the MRI dispersion
relation throughout the CZ and found maximum growth rates in the NSSL, though he ultimately dismissed
the MRI as irrelevant in a background state with convection operating on much faster time scales.

Indeed, the identification of a linear instability in the presence of driven, nonlinear turbulence is a
subtle and ambiguous business. Our primary goal is to contribute to the body of NSSL simulations a well-
characterized magnetic case. We will then attempt to relate our analysis of this case to some properties of
MRI turbulence, as inferred from linear peturbation theory, our own MRI simulation, and those of other
studies.

2 Theory

2.1 Angular Momentum Transport

The maintenance of differential rotation in the solar interior can be understood in terms of the mean
specific angular momentum L̄ = R2Ω̄(r, θ) and its flux F(r, θ). Here, R = r sin θ is the cylindrical radius,
and overbars indicate an azimuthal average. The momentum equation is:
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∂v

∂t
+ (v · ∇)v = −1

ρ
∇p + 2v × Ω +

∇ × B × B

4πρ
+ ν∇2v (1)

Multiplying the zonal (φ) component of Equation 1 by R and averaging over longitude gives an evolution
equation for L̄, which can be expressed in conservative form as:

∂L̄
∂t

= −∇ · F (2)

with the angular momentum flux F comprised of its contributions from viscous diffusion, Reynolds stresses,
meridional circulation, Maxwell stresses, and Lorentz forces:

F = FVD + FRS + FMC + FMS + FLF (3)

Explicitly, these are:

FVD
r = −νr

∂

∂r
(
v̄φ

r
) · R (4)

FVD
θ = −ν sin θ

r

∂

∂θ
(

v̄φ

sin θ
) · R (5)

FRS
r = v′φv′r · R (6)

FRS
θ = v′φv′θ · R (7)

FMC
r = v̄rv̄φ · R (8)

FMC
θ = v̄θv̄φ · R (9)

FMS
r = − 1

4πρ̄
B′

φB′
r · R (10)

FMS
θ = − 1

4πρ̄
B′

φB′
θ · R (11)

FLF
r = − 1

4πρ̄
B̄φB̄r · R (12)

FLF
θ = − 1

4πρ̄
B̄φB̄θ · R (13)

In a steady state (∂L̄
∂t = 0), the sum of the various contributions should vanish. That is,

∑

i

∇ · F i = 0 (14)

We will be using these formula to calculate the angular momentum flux balance in our simulations, in
Section 5.

2.2 MRI: Linear Stability Analysis

Consider an axisymmetric flow in equilibrium which is threaded by a magnetic field. In cylindrical coordi-
nates,

v0 = RΩ(R)φ̂ (15)

B0 = B0ẑ (16)

We wish to investigate the stability of this flow to perturbations of the form:
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v1 = (vR, vφ, vz)e
i(kz−ωt)) (17)

B1 = (BR, Bφ, Bz)e
i(kz−ωt)) (18)

We assume that the perturbations are transverse, so that vz = 0. This amounts to working in the Boussinesq
approximation, with ∇ · v1 = 0. Similarly, ∇ · B1 = 0 requires that Bz = 0. The linearized, ideal MHD
equations in the inertial frame are:

∂v1

∂t
+ (v0 · ∇)v1 + (v1 · ∇)v0 = −1

ρ
∇p1 +

1

4πρ
(∇ × B1) × B0 (19)

∂B1

∂t
+ (v0 · ∇)B1 + (v1 · ∇)B0 = (B1 · ∇)v0 + (B0 · ∇)v1 (20)

Plugging Equations 17 and 18 into 19 and 20 gives:

−iωvR − 2Ωvφ =
ik

4πρ
B0BR (21)

−iωvφ + ΩvR + vR
∂(RΩ)

∂R
=

ik

4πρ
B0Bφ (22)

−iωBR = ikB0vR (23)

−iωBφ + ΩBR = BR
∂(RΩ)

∂R
+ ikB0vφ (24)

The z-component of Equation 19 gives p1 = 0, which we expect from the transverse nature of the pertur-
bation. We can solve Equations 23 and 24 to give BR and Bφ in terms of vR and vφ:

BR = − k

ω
B0vR (25)

Bφ = − ik

ω2
R

∂Ω

∂R
B0vR − k

ω
B0vφ (26)

Plugging Equations 25 and 26 into 21 and 22, we form the matrix equation:

(

ω2 − ω2
A −2iΩω

κ2ω
2Ω (1 − ω2

A

ω2 ) + 2Ω
ω2

A

ω −i(ω2 − ω2
A)

)

(

vR

vφ

)

= 0 (27)

where we have used the epicyclic frequency κ2 = 4Ω2 +2RΩ ∂Ω
∂R , and the Alfvén frequency ω2

A = k2v2
A, with

vA = B0/
√

4πρ. Equation 27 has non-trivial solutions if the determinant of the ω-matrix is zero, which
gives the dispersion relation:

ω4 − (2ω2
A + κ2)ω2 + ω2

A(ω2
A + κ2 − 4Ω2) = 0 (28)

This equation is quadratic in ω2; its two solutions are:

ω2
± = ω2

A +
κ2

2
±

√

κ4

4
+ 4Ω2ω2

A (29)

This can be simplified further by introducing two dimensionless parameters:

∆ =
|∇ × v0|

Ω
(30)

ξ = ωA/Ω (31)
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∆ = 2 + d ln Ω
d ln R is known as the vorticity parameter ; it is related to the epicyclic frequency by κ2 = 2Ω2∆.

∆ is a positive number for any differential rotation which satisfies the Rayleigh stability criterion — for
Keplerian rotation, ∆ = 1/2; in the NSSL, ∆ ∼ 1 (see [8]). ξ = kB0/(Ω

√
4πρ) is the main parameter

relating spatial scales, field strength, and rotation rate. In terms of ∆ and ξ, the dispersion relation takes
the particularly simple form:

ω2
±

Ω2
= ∆ + ξ2 ±

√

∆2 + 4ξ2 (32)

Thus we can completely characterize this problem (idealized though it may be) by these two dimensionless
parameters. ω2

+ is always positive — it represents the stable branch of the MRI, which is a coupling
between Alfvén waves and epicyclic oscillations. ω2

− on the other hand, can be negative if ξ2 < 4− 2∆, or:

− d lnΩ

d lnR
>

k2v2
A

2Ω2
(instability) (33)

For any given vA and Ω, the RHS of Equation 33 can be made arbitrary small (but positive) by choosing a
sufficiently small k. Thus if d ln Ω

d ln R < 0, Equation 33 will always be satisfied for some range of wavenumbers.
Now let us consider the eigenvectors of these modes. Re-expressing Equation 27 in terms of ∆, ξ, and

Γ = ω/Ω:

(

Γ2 − ξ2 −2iΓ
∆Γ + (2 − ∆)ξ2Γ−1 −i(Γ2 − ξ2)

) (

vR

vφ

)

= 0 (34)

From this we can form the ratio:

vφ

vR
=

Γ2 − ξ2

2iΓ
(35)

which will take different values for the two different modes. Plugging in Γ± = ω2
±/Ω2 from Equation 32,

we get:

(

vφ

vR

)

±

=
∆ ±

√

∆2 + 4ξ2

2i
[

∆ + ξ2 ±
√

∆2 + 4ξ2
]1/2

(36)

Using Equations 25 and 26, we can easily derive the analogous ratio for the magnetic field:

(

Bφ

BR

)

±

=

(

vφ

vR

)

±

+ i(∆ − 2)Γ−1

=
i
(

∆
2 − 2 ∓ 1

2

√

∆2 + 4ξ2
)

[

∆ + ξ2 ±
√

∆2 + 4ξ2
]1/2

(37)

2.3 MRI-Induced Correlations in the NSSL

Let us now consider what Equations 36 and 37 are telling us. They describe the eigenvectors of the linear
system, which for a wave-like problem can be interpreted as the polarization of the wave modes. More
explicitly, they give the relative, complex amplitude of vφ compared to vR, and of Bφ compared to BR, for
the two modes (+ and -) as they evolve in the linear regime. Being complex amplitudes, they also describe
the phase offset between the components: a purely real ratio would indicate that the components evolve
in phase with each other, while a purely imaginary ratio indicates a 90◦ phase offset.
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Dispersion and Polarities for the MRI Problem

0 1 2 3 4
xi=k*vA/Omega
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Figure 4: Summary of the linear stability analysis of Section 2.2. Here we plot Γ2, Re(vφ/vR) and Im(vφ/vR)
as a function of ξ, for the two branches (+ and -) of the MRI, with ∆ = 1.

Both Equation 36 and 37 consist of an imaginary number multiplying
[

∆ + ξ2 ±
√

∆2 + 4ξ2
]−1/2

,

which we recognize as the complex frequency ω±/Ω. From Section 2.2, we know that ω is real for the
stable (+) branch, and imaginary for the unstable range of wavenumbers in the (-) branch. Thus we
expect both vφ/vR and Bφ/BR to be purely imaginary for the (+) branch and the stable regime of the (-)
branch, and purely real for the unstable regime of the (-) branch (i.e. the MRI). This is shown to be the
case in Figure 4, where we have plotted Equations 32 and 36.

What does this mean for angular momentum transport? MHD simulations of the convection zone have
demonstrated that, in a steady state, Reynolds stresses and Maxwell Stresses contribute significantly to
the angular momentum balance of the system [19]. These stresses, from Section 2.1, are of the form v′φv′R
and B′

φB′
R, respectively. In other words, they are due to correlations in the fluctuating values of v and B.

In isotropic turbulence, there are no correlations between the fields — the motions are completely random.
In the convection zone simulations mentioned above, the Coriolis force induces correlations between vR

and vφ which drive Reynolds stresses and transport angular momentum.
In the NSSL, the Rossby number is high (∼ 103) and rotationally induced correlations are expected to

be weak, but MRI-induced correlations may be signficant here. Equations 36 and 37 indicate that vR and
BR evolve in phase with vφ and Bφ, which suggests scalings of the form:

v′φv′R ∼ v2
RMS · vφ

vR
(38)

B′
φB′

R ∼ B2
RMS · Bφ

BR
(39)

That is, Reynolds and Maxwell stresses that are scale-dependent according to the k-dependence of Equa-
tions 36 and 37. Of course, the applicability of these results to the fully nonlinear problem is somewhat
dubious. The validity of approximations like 38 and 39 in simulations of MRI turbulence is an open
question that we hope to address in this study.
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3 Methods

3.1 CSS

To simulate the full, nonlinear problem, we use the Compressible Spherical Segment code, or CSS. CSS is
a recently developed finite-difference code that solves the fully compressible MHD equations in a rotating
spherical segment. It was designed to study granulation and supergranulation in the NSSL, where the
effects of the Sun’s curvature are believed to be important [2]. The equations solved by CSS are:

∂ρ

∂t
+ ∇ · ρv = 0 (40)

ρ

[

∂v

∂t
+ (v · ∇)v + 2Ω × v − Ω2R

]

= −∇P − ρgr̂ +
1

4π
(∇ × B) × B + Dv (41)

ρT

[

∂S

∂t
+ (v · ∇)S

]

= ΦC + ΦV H + DS (42)

∂A

∂t
= v × (∇ × A) + DA (43)

where ρ, v, B, Ω, R, P , S, and T , are the density, velocity, magnetic field, bulk rotation rate, cylindrical
radius, pressure, specific entropy, and temperature respectively. The system is closed by the equation of
state for an ideal gas:

P = ργeS/CV (44)

where γ = CP /CV = 5/3 is the adiabatic index. A is the magnetic vector potential, with:

B = ∇ × A (45)

Evolving A instead of B ensures ∇ · B = 0 to machine precision at all times. ΦC is the volumetric
heating that drives convection in the simulations, and ΦV H is the rate of viscous heating, which ensures
the conservation of energy. Dv and DA are the diffusion rates for velocity and the vector potential,
respectively. They are computed in CSS using a slope-limited diffusion scheme, where:

Df = −∇ · Ff (46)

Ff = vDδf (47)

Here, δf is the discrepancy at midpoints of the grid between the slope at a given point, and the slope of its
neighbors. The slopes are calculated using a second-order finite difference combined with a slope-limiter,
which in CSS is taken as a linear combination of the “minmod” and “superbee” type limiters [16]. vd is
the diffusion velocity, which is related to the diffusivities by (ν, η, κ) ∼ vd∆x, where ∆x is the grid spacing.
In CSS, vd is defined as:

v2
d = fsscs(r2)

2 + v′2 + v′2A (48)

where v′ and v′A are the fluctuating velocity and fluctuating Alfvén velocity respectively, and cs(r2) is the
sound speed at the top of the domain. fs is the “sound speed factor”, which offers some control over the
level of diffusion in the code.

Equations 40–43 are evolved in time using an explicit 4th-order Runge-Kutta scheme, while spatial
derivatives are approximated by sixth-order compact finite differences. The code uses a 3-D domain
decomposition to runs efficiently on massively-parallel architectures. The simulations presented in this
study were conducted on two different machines: Janus at the University of Colorado, and Pleiades at
NASA Ames. Typical processor counts ranged from 3072–6144.
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3.2 Strategy

Let us restate the problem at hand. We are interested in running an MHD simulation of the solar NSSL
and comparing it to a hydrodynamic analog, to determine what effects the presence of magnetism might
have on the convection and the differential rotation. We want to know if these effects can be understood
in terms of the MRI, so we need also to run a simulation which demonstrates the MRI, from linear onset
to nonlinear saturation, as cleanly as possible. This way, we can isolate properties of the MRI from those
of convection.

Therefore, we need to run at least three cases:

1. The MRI Case: This case should parallel the early simulations of accretion disks carried out by
Balbus & Hawley ([3] and [4]). This involves setting up a background state which is hydrodynamically
stable, but susceptible to the MRI in full MHD. The linear analysis of 2.2 will be useful both for
setting up the simulation (i.e. what are the relevant space and time scales? are they resolved?) and
also for identifying its evolution as a consequence of the MRI (e.g. are the growth rates as expected?).
Analysis should include the linear growth and saturation of MRI modes, and 2D horizontal power
spectra of the ensuing turbulence.

2. Hydrodynamic Convection: This case represents the “control group” of the experiment. We have
seen before that hydrodynamic convection in NSSL simulations tends to conserve angular momentum
and overestimate the radial shear. This case will provide us with a complete picture of this situation,
to be compared with its MHD counterpart. Analysis should include 2D horizontal power spectra,
azimuthal and time averages of the differential rotation, and the angular momentum flux contributing
to the steady state.

3. Magnetic Convection: This case represents new ground for NSSL simulations. It should be
identical to the hydrodynamic convection case, but with MHD enabled. The analysis should also be
identical: 2D power spectra, differential rotation, and angular momentum flux. However, for this
case we will include magnetic contributions to the fluxes, and determine their significance.

This should equip us with the requisite information to address our main scientific questions:

• How does the magnetic convection compare with the hydrodynamic case? Are the power spectra
different?

– If so, can this difference be interpreted as a spectral signature seen in the MRI case?

• Has magnetism modified the differential rotation profile in the MHD case?

– If so, how do the angular momentum fluxes compare? Are they scale-dependent?

– Can the scale dependence be explained by Equations 38 and 39?

3.3 Cases

Here we describe in detail the four cases simulated in this work. Table 1 lists the parameters which are
common to all four cases. Boundary conditions are as follows:

• Radial boundaries are impenetrable and stress-free, with uniform temperature

• Latitudinal boundaries are impenetrable, stress-free, and thermally insulating

• Magnetic cases are perfect conductors on the radial, and normal field on θ-boundaries

• Longitudinal boundaries are periodic for all variables

In all cases, the thermodynamic variables are initialized to an adiabatic stratification, with γ = 5/3.
The convective cases are thermally driven at a rate of one solar luminosity (L⊙) at the top and bottom
boundaries.
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r1, r2 0.94R⊙, 0.99R⊙

θ1, θ2 87.5◦, 92.5◦

∆φ 5◦

nr × nθ × nφ 192 × 256 × 256

Ω0 10−5 rad/s (3.7Ω⊙)

Cp 4 × 108

ρ1, T1 10−5, 4 × 104

fss 10−4

Table 1: Parameters common to all our simulations. See Section 3.1 for an explanation of variables. All
units are cgs.

Case A: Magnetohydrodynamic, No Convection (aka the MRI case)

Case A is the MRI case. To trigger the MRI, we need two key ingredients: a rotation profile with ∂Ω
∂R < 0,

and an initial magnetic field. The initial field configuration lends itself to some flexibility, as virtually
every configuration explored in previous simulations has been shown to be unstable to the MRI [6]. In
order to relate our results to the linear stability analysis and simulations of Balbus & Hawley ([3] and [4]),
we decided to initialize with as close to a vertical field as possible. Because CSS is a spherical code with
relatively simple magnetic boundary conditions (namely, a normal field on the latitudinal boundaries), we
are unable to initialize with a completely vertical field B = B0ẑ. Instead, we chose a polar field B = Bθ(θ)θ̂
that follows the curvature of our geometry. To satisfy ∇ · B = 0, we have:

Bθ =
B0

sin θ
(49)

and we set B0 = 1 G, as in [17]. Care must be taken when defining the magnetic field in terms of the
vector potential (Equation 45). We transform to a gauge where:

Aφ = − B0r

2 sin θ
(50)

Ar = Aθ = 0 (51)

which satisfies the periodic boundary conditions in φ. The velocity field must then be initialized in a way
that is consistent with magnetohydrostatic equilibirum. From Equation 43, this means:

∇ × (v × B) = 0 (52)

To satisfy this condition while also providing the desired shear ∂Ω
∂R < 0, we define the initial flow in the

inertial frame as:

vφ =
Ω1r

2
1 sin θ

r
(53)

or:

Ω(r) =
Ω1r

2
1

r2
(54)

where Ω1 is the angular velocity at the inner boundary r1. Rearranging into Ωr2 = Ω1r
2
1 plainly demon-

strates that this rotation profile has constant angular momentum along an equatorial cut θ = π/2. Thus
it is somewhat representative of the mean flow produced by hydrodynamic simulations of the NSSL in the
limit of high Rossby number. However, away from the equator, it exhibits spherically symmetric variation,
rather than the cylindrical symmetry found in such simulations.
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Using the dispersion relation from Equation 32, we can calculate the growth rate of perturbations to
this background. This has been done for a range of wavelengths and at different radii, and the growth
rates are shown in Figure 5. This analysis predicts that the instability will grow fastest near the bottom
of the domain, with an e-folding time of about one day. The fastest growing mode will have a latitudinal
wavelengths of 0.23 Mm, or about 0.02◦, which is right at the Nyquist wavelength (0.04◦) for this case.

MRI Length and Time Scales, Case A
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Figure 5: MRI dispersion for Case A. e-folding time (inverse growrth-rate) is shown as a function of
latitudinal wavelength, for several different radii. The dashed vertical line indicates the Nyquist wavelength.

Case A2: Hydrodynamic, No Convection

It is worthwhile to ask whether the rotation profile initiated in case A might be prone to shear instabilities,
or the background unstable to convection. The purpose of case A2 is simply to confirm that the case A
(the MRI case) is hydrodynamically stable. Thus, case A2 is identical to case A in every way, except that
it has MHD disabled. If case A is to unambiguously exhibit the MRI as we intend, then case A2 should
be stable to the same perturbations.

Case B: Hydrodynamic and Convective

Case B is a hydrodynamic case with convective driving. Convection is achieved by adding a layer of
thermal energy flux at the top and bottom of the domain. Each flux layer caries one solar luminosity
over a thickness of about 0.1R⊙. All other applicable parameters, notably the initial stratification and the
diffusion coefficients, are identical to Case A.

Case C: Magnetohydrodynamic and Convective

Case C is identical to case B, except that its magnetic field is turned on. The initial field configuration is
the same as in Case A, namely a divergenceless polar field Bθ. All other parameters are identical to Case
B.
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4 Simulation Results

4.1 Case A

Figure 6: Onset of the MRI in Case A. The top row shows azimuthal averages of Ω, while the bottom row
shows shell slices of vr near the top of the domain (r = 0.988R⊙). These snapshots in time are taken, from
left column to right column, at t = 0.95d, t = 1.90d, and t = 2.85d. A GIF animation of the shell slices is
available at http://lcd-www.colorado.edu/∼chch7488/gif/mri.gif
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Figure 7: The onset of the instability in Case
A. Power in the nth θ-harmonic is plotted as a
function of time.
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Figure 8: Saturation of the MRI. Power in the
nth φ-harmonic is plotted as a function of time.
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Figure 9: Shell slice snapshot of vr near the top of case A, with associated 2-D power spectrum.

Figure 10: Rotation profile for Case A, averaged over time and longitude. On the left is Ω(r, θ), and on
the right, L = Ω ∗ (r sin θ)2.

Case A is the pure MRI case; its early evolution is shown in Figure 6. Polar modes start to grow
with with kθ dependent on r as expected from Figure 5. This leads to a “fanned out” appearance in
the rθ-plane. Although the linear analysis predicts the fastest growth rates near the bottom (Figure 5
again), it is in fact the top layers (R > 0.98) where we first start to see nonlinear effects. This is a
curious result, and its explanation is not yet clear to us, but we offer two possible theories: First, that the
latitudinal eigenfunctions grow exponentially until they create very fast (vφ ∼ km/s) counter-streaming
flows, which become unstable to the Kelvin-Helmholtz instability in regions of low density, effecting a
nonlinear transition therein. Another possibility is that we are seeing the axisymmetric nonlinear solutions
of previous MRI studies ([6]), which can maintain a steady-state well into the nonlinear regime, or until
some longitudinal perturbation (perhaps numerical in origin) breaks the symmetry and leads to nonlinear
turbulence.

To measure the length and time scales of the instability in Case A, we took harmonic transforms along
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each of the horizontal dimensions, and at every 5000 iterations. The evolution of kθ harmonics of Br during
linear onset is shown in Figure 7. Here, n represents a harmonic of the form Bn

r = sin(nπ(θ−θ1)/(θ2−θ1)).
Similarly, and guided by Figure 6 which shows the instability saturating by the excitation of longitudinal
modes, we plot the evolution of kφ harmonics of Bφ Figure 8, where Bn

φ = sin(nπ(φ − φ1)/(φ2 − φ1)).
After saturation was achieved, we computed the 2-D power spectrum of the turbulence. Such a 2-D

transform is shown in Figure 9 for at a single time step. We see that the MRI turbulence exhibits a
prominent anisotropy: it drives power at high kθ and low kφ. This agrees with an inspection of the shell
slices — we see smaller scales in θ than in φ.

The 2-D rotation profile of Case A, averaged over 24 hours during saturation, is shown in Figure 10. We
see that Ω decreases with radius near the bottom of the domain, but exhibits a θ-dependent inversion layer
(∂Ω

∂r > 0) near the top. The specific angular momentum (also shown in Figure 10) has been re-distributed
from a profile which was constant along radii to one which increases monotonically with radius.

4.2 Case B

Figure 11: Shell slice snapshot of vr near the top of case B, with associated 2-D power spectrum.

Case B is the hydrodynamic convective case. Its horizontal structure, and its transform, are shown in
Figure 11. Although the cut in Figure 11 is at the same radius as in Figure 9, the flow is, unsurprisingly, very
different. The characteristic scale is larger than in Case A, and the upflows and downflows are more promi-
nent. There appears to be some alignment of convective cells, but the spectrum looks very nearly isotropic.
A GIF animation of Case B in shell slices is available at http://lcd-www.colorado.edu/∼chch7488/gif/case b.gif

The 2-D rotation profile for Case B is shown in Figure 12. The convection has established a shellular
layer of slowly rotating fluid near the upper boundary, contrasted by a faster structure with some θ-
dependence down below. The θ-dependence is exaggerated in the L-profile, which shows an excess of
specific angular momentum in the southern half of the domain. The hemispherical asymmetry is probably
a result of box mode sloshing about with a period comparable to our averaging time. Ignoring this
asymmetry, the specific angular momentum of this case is decreasing with r everywhere, except at the
equator near the base, where convective scales are larger and Ω is (latitudinally) maximized.

4.3 Case C

The magnetic convection of Case C is shown in Figure 13. In this case, we see less of a contrast between up-
flows and downflows, compared with Case B. Indeed, the character of Case C is something of a mix between
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Figure 12: Rotation profile for Case B, averaged over time and longitude. On the left is Ω(r, θ), and on
the right, L = Ω ∗ (r sin θ)2.

Figure 13: Shell slice of vr near the top of case C, and associated power spectrum.

A and B. An animated GIF of Case C is available at http://lcd-www.colorado.edu/∼chch7488/gif/case c.gif
The rotation profile for Case C is shown in Figure 14. Again we see some hemispherical asymmetry as

in Case B — the same sloshing box mode is probably to blame. Interestingly, the Ω-gradient is softer here
than in Case B, and even exhibits an inversion near the upper boundary: ∂Ω

∂r > 0 for r ∼ 0.99R⊙. The
significance of this inversion is made apparent by the L-profile, which is everywhere increasing with radius,
and exhibits a sharp increase in the inversion layer. The magnetic convection is transporting angular
momentum all throughout the domain, but especially at the upper boundary.

In Figure 15, we have further averaged the rotation profiles of Cases B and C over latitude, and
compare the radial dependence of the shell averages directly. We see that Case C exhibits a more shallow
Ω-gradient than its hydrodynamic counterpart, which inverts its sign above r = 0.98R⊙. The average value
of the logarithmic derivative d ln Ω

d ln r is −1.99 for Case B, and −0.57 for Case C. The L-profiles tell a similar
story. Case B has L decreasing with radius at all r > 0.95R⊙, whereas Case C exhibits a specific angular
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Figure 14: Rotation profile for Case C, averaged over time and longitude. On the left is Ω(r, θ), and on
the right, L = Ω ∗ (r sin θ)2.
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Figure 15: Rotation profile averaged over longitude, latitude, and time, for Cases B (red) and C (blue).
Both angular velocity (Ω, left) and specific angular momentum (L, right) are shown.

momentum which increases monotonically with radius.

5 Analysis

5.1 Spectral Signature of the MRI

One of our stated objectives in Section 3.2 was compare the power spectrum of hydrodynamic convection
with that of magnetic convection in CSS, and determine whether the MRI might be imparting a spectral
signature to the magnetic case. To this end, we have averaged the apodized, 2-D power spectra for each
case over 5 days of saturated turbulence, and we compare the results in Figure 16. The right column shows
reductions along each dimension of the 2-D spectra. The apodization took the form of a “tapered top hat”
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Figure 16: Time-averaged power spectra for Case A (top), Case B (middle), and Case C (bottom). The
right column shows the reduced spectra: power in kφ over all kθ, and vice versa.

along the θ dimension, and was necessary because of the latitudinal boundary conditions.
The top row of Figure 16 makes explicit what was already apparent from inspection of the shell slices

of Case A — the MRI turbulence prefers low longitudinal wavenumbers and high latitudinal wavenumbers.
The 1-D cuts show a large difference in power at both low and high wavenumbers, with the crossover
occuring at k = 10. The middle row, Case B, has a very different character: it is totally isotropic at all
but the lowest wavenumbers. The anisotropy at the low end corresponds to wavelengths longer than our
box size, so it is unclear whether this represents some real alignment in the convective cells, or is merely
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an artifact of the apodization. The bottom row, Case C, demonstrates an interesting result: the magnetic
convection is anisotropic in the same sense as the MRI turbulence. Power is being taken from high-kφ

modes and deposited into high-kθ modes. The anisotropy is not as significant as it is in the pure MRI
turbulence — the inertial, hydrodynamic convection is still fighting to establish isotropy, but it is being
beaten out by anisotropic magnetic effects, especially at the the smaller scales where the MRI is most
relevant. We believe this demonstrates the existence of a spectral signature of the MRI in the magnetic
convection of Case C.

5.2 Angular Momentum Transport

To better understand how the rotation profiles shown in Section 4 are maintained, we have calculated
the angular momentum flux due to viscous diffusion, Reynolds stresses, meridional circulation, Maxwell
stresses, and Lorentz forces, as defined in Section 2.1. These effects, minus viscous diffusion, are shown
in terms of their contributed torque ∂L

∂t = −∇ · F in Figures 17, 18, and 19, together with the specific
angular momentum L. Averages were taken over longitude and 24 hours of time, well after the simulations
had saturated. In the interest of appealing to Equations 38 and 39, we also show v2

RMS, the fluctuating
kinetic energy per unit mass. We chose not to show the viscous diffusion because the slope-limited diffusion
scheme used in CSS makes the applicability of Equations 4 and 5 somewhat questionable. Whatever the
form of the diffusion term, however, its effect will be to dissipate Ω-gradients into uniform rotation, and
in a steady state, ∂LVD

∂t will balance the sum of the other terms locally.
Starting with Case A (Figure 17), we see that magnetism dominates the torques, with Maxwell stresses

and Lorentz forces beating out Reynolds stresses and meridional circulation by a huge factor — 18 to 19
orders of magnitude. Of the magnetic torques, the Lorentz force is the strongest by a factor of 100, and its
profile at least partially matches the accumulation of angular momentum in the simulation. The Lorentz
torque is net positive near the upper boundary, with a latitudinal dependence that appears to explain the
high-latitude lobes in the angular momentum profile. Away from the upper boundary, it exhibits a curious
θ-dependence which is reminiscent of the linear onset in Figure 6, and which we explained in Section 4
in terms of the r-dependence of the fastest growing wavenumber. However, the torques in Figure 17 were
computed in the nonlinear saturation phase of the simulation, which is turbulent at all radii, so this is
somewhat puzzling. Could the linear onset of the instability have imparted a persistent mean field to the
simulation, which continues to dominate the Lorentz force torques during saturation?

Turning to the Reynolds and Maxwell stresses in Case A, we see that they are concentrated near
the upper boundary, at latitudes of about ±1.5◦. This corresponds to the regions of greatest fluctuating
kinetic energy (vRMS), which gives some credit to the hypothesis of Section 2.3. The sign of the Reynolds
stresses near the top indicate that they are removing angular momentum from the upper boundary, and
distributing it to slightly lower radii. The sign of the Maxwell stresses is more erratic, but one could argue
(perhaps more successfully in the Northern hemisphere) that they are net positive right at the boundary,
and negative just below it, in antithesis to the Reynolds stresses. The Maxwell stresses wins the battle by
a huge margin, contributing to the higher-latitude accumulation of angular momentum seen here.

The prominent lobe of high angular momentum at the equatorial upper boundary of Case A is something
of a mystery. The Lorentz force profile shows no preference to the equator; in fact it is mostly negative
in the viscinity of this lobe. The only torque that is positive in this region is the meridional circulation,
which is far too weak to counter the negative Lorentz force.

Next we consider Case B, whose torques are shown in Figure 18. Having no magnetic fields, this Case
balances Reynolds stresses and meridional circulation against viscous dissipation. Here, the dominant effect
is the torque from meridional circulation, which is both stronger and more coherent than the Reynolds
stresses. The meridional circulation tends to carry angular momentum from the equator to higher latitudes,
which explains the latitudinal dependence in the rotation profile. Reynolds stresses tend to counter this
effect slightly, returning some momentum to lower latitudes. Unlike in Case A, the Reynolds stresses of
Case B do not show a strong correlation with vRMS, which is concentrated near the upper boundary.

The torque balance in Case C (shown in Figure 19) shares some characteristics with both Cases A and
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B. The dominant effects are again magnetic, now with the Lorentz force only slightly stronger than Maxwell
stresses. As in Case A, the Maxwell stresses are contributing to the layer of high angular momentum at the
upper boundary, but the Lorentz force is doing something different: it is removing angular momentum from
the upper boundary and depositing it just below. The combined effects of Maxwell stresses and Lorentz
forces appear to be contributing to the radial extent of the inversion layer. Of the hydrodynamic torques,
the meridional circulation is once again dominant, carrying angular momentum to the higher latitudes,
where again it appears to account for the hemispherical asymmetry. The Reynolds stresses in this Case C
are relatively incoherent at the upper boundary, but throughout the rest of the domain they are playing
the same role as in Case A: transporting angular momentum from large radii downward. Here, they also
appear to follow the latitudinal skew of the angular momentum, which begs the question: do the Reynolds
stresses have a consistent directionality in magnetic cases, or do they simply act to dissipate gradients in
angular momentum?

6 Conclusions

We have carried out a series of numerical simulations to investigate the role of magnetism in establishing
the solar near-surface shear layer. By running a non-convective MHD case, we have demonstrated that the
steady-state mean flows (Ω ∼ r−2) of previous hydrodynamic simulations in this region are unstable to the
magnetorotational instability, with length scales and growth rates in agreement with those predicted from
the linear perturbation analysis. The nonlinear saturation of the MRI is a state of sustained turbulence with
significant anisotropy — smaller scales are preferred in the θ-direction, where the wavevector is most closely
aligned with the rotation axis. The MRI turbulence redistributes angular momentum in the anticipated
way, establishing a positive radial gradient of angular velocity near the upper boundary. We find some
evidence for correlations in the fluctuating v and B fields, with Maxwell stresses helping to maintain the
angular momentum gradient, and Reynolds stresses acting against it. Our hydrodynamic convection case
has confirmed what was previously known about this class of simulations — it over-predicts the radial shear
in the NSSL, with the average value of d ln Ω

d ln r very close to −2 which implies angular momentum conservation
throughout the domain. The power spectrum of the hydrodynamic turbulence is isotropic, supporting the
idea that the influence of Coriolis forces is weak here. Our pioneering simulation of magnetic convection
in the NSSL establishes a much shallower Ω-gradient than the hydrodynamic case, with d ln Ω

d ln r = −0.57 on
average. We show that Maxwell stresses and Lorentz forces are contributing to this effect, with Reynolds
stresses acting against it. The power spectrum of the magnetic convection bears the spectral signature of
the MRI, which suggests that the turbulent stresses responsible for the redistribution of angular momentum
are being caused by MRI-induced correlations, as predicted from the linear analysis. As a final note, we
stress the limited applicability of the linear theory to these results, as the proper treatment of the fully
nonlinear state requires that higher-order interactions be considered.
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Figure 17: Torque balance in Case A during steady state. Top row shows L and v2
RMS. Middle row shows

−∇ · FRS and −∇ · FMC. Bottom row shows −∇ · FMS and −∇ · FLF. See Section 2.1 for definitions.
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Figure 18: Torque balance in Case B during steady state. Top row shows L and v2
RMS. Bottom row shows

−∇ · FRS and −∇ · FMC. See Section 2.1 for definitions.
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Figure 19: Torque balance in Case C during steady state. Top row shows L and v2
RMS. Middle row shows

−∇ · FRS and −∇ · FMC. Bottom row shows −∇ · FMS and −∇ · FLF. See Section 2.1 for definitions.
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